METASTABILITY OF THE MEISSNER STATE IN THE
THREE-DIMENSIONAL GINZBURG-LANDAU MODEL WITH PINNING

CARLOS ROMAN

ABSTRACT. We study the persistence of the Meissner state in the three-dimensional mag-
netic Ginzburg-Landau model with a spatially dependent pinning term. Factoring out the
equilibrium profile associated with the pinning term reduces the problem to the analysis of a
weighted Ginzburg—Landau functional. In the extreme type-II regime, we construct locally
minimizing vortexless configurations for applied fields extending far beyond the first criti-
cal field. We obtain quantitative estimates showing that these configurations remain close,
up to gauge transformations, to a Meissner-type state determined by a weighted London
problem. We also prove the uniqueness, up to gauge transformations, of the locally min-
imizing Meissner-type branch within a quantitatively controlled class of local minimizers.
A central difficulty is to derive elliptic estimates that remain uniform in the Ginzburg—
Landau parameter in the presence of the resulting spatially dependent weight. Under a
small-BMO assumption on this weight, we obtain the required regularity and extend to the
three-dimensional pinned setting the metastability picture previously established for the
homogeneous model.

1. INTRODUCTION

The magnetic Ginzburg-Landau model [GL50] provides a phenomenological description
of superconducting materials under applied magnetic fields. Its configurations depend on a
complex-valued order parameter, which describes the local superconducting state, and on a
magnetic vector potential for the induced magnetic field. A fundamental parameter of the
model is the Ginzburg-Landau parameter «, which distinguishes between type-I and type-II
superconductors. Throughout this work, we write ¢ = x~! and consider the regime ¢ — 0,
corresponding to extreme type-II superconductors.

At low applied fields, a superconducting sample is expected to be in the Meissner state,
characterized by the expulsion of the magnetic field from the interior of the material. As the
intensity he, of the applied field increases, this state eventually ceases to be globally min-
imizing and configurations containing vortices become energetically favorable. Vortices are
defects in the superconducting state that carry quantized magnetic flux; in three dimensions,
they concentrate along curves and are therefore referred to as vortex lines or filaments. The
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threshold at which they first become energetically favorable is known as the first critical field
and is denoted by H.,. In the extreme type-lI regime, its leading order is proportional to
|log g].

The first critical field is, however, an energetic threshold and does not necessarily coincide
with the loss of stability of the Meissner state. Although vortex configurations have lower
energy above H,., , alocally minimizing vortexless solution may persist for substantially larger
applied fields. The field at which this branch loses stability is known as the superheating
field, denoted by Hygy,.

This distinction was made rigorous in the three-dimensional homogeneous setting in
[Rom19a]. More precisely, it was proved that below the first critical field the Meissner solu-
tion is, up to gauge transformations, the unique global minimizer of the Ginzburg-Landau
energy. Beyond this threshold, a Meissner-type solution persists as a local minimizer at least
for hey = 0(5_%), and is unique, up to gauge transformations, at least for he, = 0(5_%). Thus,
when the applied field is gradually increased, vortex nucleation is expected to be delayed
beyond H., and to occur only when the vortexless branch becomes unstable. This loss of
stability is associated with the superheating field, which is expected to be of order e7!; see,
for instance, [Cha95].

The purpose of the present work is to investigate to what extent this picture remains valid
for the three-dimensional Ginzburg-Landau functional in the presence of material inhomo-
geneities described by a spatially dependent pinning term.

1.1. The Ginzburg-Landau model with pinning. The performance of type-1I super-
conductors is strongly affected by the motion of vortices, which produces dissipation and
limits the current that the material can carry while remaining superconducting. Material
inhomogeneities may restrict this motion by acting as pinning sites for vortices. This pro-
vides one of the main motivations for introducing spatially dependent coefficients into the
Ginzburg-Landau model. Such an approach goes back to Likharev [Lik79], who proposed to
account for spatial variations of the superconducting properties by allowing the coefficients
in the energy functional to depend on the position.

Vortex pinning has been the subject of considerable interest in the physics of supercon-
ductivity. The review [KWG™16], for instance, discusses how different types of defects and
inclusions give rise to complex pinning landscapes, which influence vortex configurations and
play an important role in enhancing the critical current, namely the maximal current that
can be carried without losing the superconducting behavior. In a more microscopic direction,
experimental work on FeSe-based superconductors has provided direct evidence that local
defects can act as pinning centers for vortices [CLC"24]. These works provide physical moti-
vation for considering spatially dependent pinning terms in the Ginzburg-Landau functional
rather than restricting the analysis to the classical homogeneous model. For a more detailed
discussion of the physics underlying vortex pinning and its implications, see, for instance,
[Lik79, Tin96, CR97] and the references therein.
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After nondimensionalization of the physical constants, the Ginzburg-Landau functional
with pinning, which models an inhomogeneous superconducting sample in an applied mag-
netic field at a fixed temperature below the critical one, is given by

1 1 1
1.1 L A = — 2 _ _ 2\2 - H— H 2.
0y onm =g [ (1Dl et — ) + 5 [ -

Here, Q is a bounded domain of R?, which we assume to be simply connected with C?
boundary. The function u : Q — C is the order parameter; its squared modulus, which
represents the relative density of Cooper pairs of superconducting electrons in the microscopic
BCS theory [BCS57], indicates the local state of the superconductor. The vector field A :
R? — R3 is the electromagnetic vector potential of the induced magnetic field H = curl A,
and Va denotes the covariant gradient V — ¢A. The external, or applied, magnetic field is
assumed to be of the form Hex = hexHpex, Where Hyex € L™ (R3,R3) is a fixed divergence-
free vector field and h., > 0 is a tunable parameter representing the intensity of the external
field.

Finally, a. is a function that accounts for inhomogeneities in the material. We assume
that a. € L*°(Q) and that it takes values in [b, 1], where b € (0, 1) is a constant independent
of €. Regions where a. = 1 correspond to sites without inhomogeneities, whereas regions
where a. < 1 may act as pinning sites.

The Ginzburg-Landau model is a U(1)-gauge theory, in which all the physically relevant
quantities are invariant under the gauge transformations

u— ue'®, A—-A+Vo,

where ® is any sufficiently regular real-valued function. Two important gauge-invariant
quantities are the supercurrent and the vorticity, respectively defined, for any sufficiently
regular configuration (u, A), by

J(u,A) = (iu, Vau), p(u, A) = curl j(u, A) + curl A,

where (-, -) denotes the scalar product in C identified with R?.
Another gauge-invariant quantity that will play an important role throughout this paper
is the free energy restricted to €2, defined by

1 1
F.o(u,A) = 5/ (|VAu|2 + 2—52(1 — |ul?)* + |cur1A|2> .
Q

1.2. A brief historical overview. The homogeneous Ginzburg-Landau model has a long
history of mathematical analysis. The two-dimensional theory was developed in a series of
important works; we refer, in particular, to the foundational monographs [BBH94,SS07] and
the references therein for comprehensive accounts of the subject.

In the two-dimensional homogeneous setting, an important step towards the rigorous un-
derstanding of the superheating field was made by Serfaty in [Ser99]. There, a branch of
vortexless local minimizers was constructed and shown to be unique, up to gauge transfor-
mations, in an explicit regime of applied fields extending far beyond the first critical field.

The three-dimensional homogeneous problem is considerably more involved. In two dimen-
sions, vortices are localized near isolated points and can be described in terms of their topo-
logical degrees. In three dimensions, they concentrate instead along curves, and their analysis
requires tools from geometric measure theory. Among the works that laid the foundations of
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the three-dimensional theory, we mention [Riv95, LR99,San01,BJOS12,BJOS13], where the
limiting behavior of vortex filaments and the asymptotic structure of the Ginzburg—Landau
energy were investigated in different regimes. More refined tools allowing one to describe
vortex filaments at the e-level were later developed in [Rom19b]; see also [Rom19a, RSS23,
RSS25] for applications to the behavior of minimizers near the first critical field.

These e-level estimates were a key ingredient in extending the approach of Serfaty [Ser99]
to the three-dimensional homogeneous setting in [Rom19a]. This extension established the
persistence and uniqueness of the Meissner branch in suitable regimes of applied fields, pro-
viding the first three-dimensional counterpart of the two-dimensional theory. More recently,
the approach was adapted to the two-dimensional Ginzburg-Landau model with pinning in
[DVR26b].

The Ginzburg—Landau model with pinning has been extensively studied in two dimensions,
in connection with a wide variety of questions concerning vortex nucleation, localization,
and interaction. We refer to [DVR26b] and the references therein for an overview of this
literature. By contrast, its three-dimensional counterpart has received comparatively little
mathematical attention. In [DS12], a non-magnetic problem with pinning and nontrivial
Dirichlet boundary conditions was considered, and the limiting singular set was shown to
form a geodesic link determined by the pinning landscape. Although most of their results
concern the two-dimensional setting, Dos Santos, Rodiac, and Sandier [DSRS23] also consid-
ered the full Ginzburg-Landau energy in three dimensions with rapidly oscillating pinning
terms. Assuming that the average of the pinning term in the periodic case, or its expectation
in the random stationary case, is equal to 1, they proved that, as ¢ — 0, the limiting func-
tional coincides with the one obtained in the homogeneous case by Baldo, Jerrard, Orlandi,
and Soner [BJOS12].

More recently, the development of a weighted counterpart of the e-level estimates intro-
duced in [Rom19b] was instrumental in the study of the first critical field for the three-
dimensional magnetic Ginzburg-Landau functional with pinning in [DVR26a, Rom26]. The
tools developed in these works also provide a basis for addressing the different question
considered here, concerning the persistence and uniqueness of the Meissner branch. They
allow us to follow, in broad terms, the strategy used in the homogeneous setting, although
its implementation in the presence of pinning is not direct. In particular, the construction
and uniqueness arguments require elliptic estimates for equations whose coefficients depend
on the pinning profile. Both the gain in integrability and the constants involved must be
controlled uniformly in e, which requires a careful choice of gauges and suitable control of
the oscillations of the weight.

1.3. Main results. Throughout the paper, C' > 0 denotes a constant independent of € and
hex, whose value may change from line to line and may depend on the fixed parameters of
the problem.

Since div Hy e, = 0 in R?, in accordance with the nonexistence of magnetic monopoles in
Maxwell’s theory of electromagnetism, there exists a vector potential Age € HE . (R R?)
such that

curl Agex = Hypex in R3.
We define
Aex = hexAO,ex'
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Observe that we can choose Ag e in the Coulomb gauge in €2, namely,

divApex = 0 in
Apex v = 0 on 09,

where hereafter v denotes the outer unit normal to 9€2. The natural space for the minimiza-
tion of GL. in three dimensions is H'(Q, C) X [Aex + Heun], where

Hewt = {A € HL(R*R®) | curl A € L*(R*, R?)} .

Let us also introduce the homogeneous Sobolev space H L(R3,R3), defined as the comple-
tion of C§°(R?, R?) with respect to the norm ||V (-)||2(rs rs). We denote by

Hlyg = {A € H'(R*R?) ‘ divA =0 in R3}

its divergence-free subspace. For every A € H b we have

(1.2) Al gz

These spaces will be used below to formulate the convergence of the magnetic vector
potential and to fix suitable gauges. Before stating our main results, we introduce a useful
decomposition of the order parameter, whose underlying idea goes back to Lassoued and
Mironescu [LM99], that isolates the effect of the pinning term in the energy. To this end, we
first consider the scalar profile induced by the pinning term. More precisely, let p. be the
unique positive real-valued function satisfying

—Ap. = %(ag—pg) in

dpe

v
The function p. represents the equilibrium modulus selected by the first two terms of (1.1)
in the absence of a magnetic field. Indeed, while the potential term favors the pointwise
relation |ul?> = a., the gradient term penalizes the spatial variations required to reproduce
a.. Equation (1.3) reflects the balance between these two competing effects, and p? may
therefore be interpreted as a regularized version of a..

Since p. already incorporates the variations in the modulus of the order parameter induced
by the pinning term, it is natural to factor out this profile by writing u = p.u. The new
order parameter u then describes the remaining variations relative to the preferred scalar
profile p.. Letting

iv=0»

o = HVAHL2(R3,R3) = ” CU.I'IAHLQ(RSJ@).

(1.3)
=0 on Of).

. 1 2 1 2\2
E.(u,A) = 5/9 <|VAu| + 2—62(% — |ul?) ) , E.(u) = E.(u,0),
we have
1 4
(1) Bupan ) = Ep) + [ (#1900 + 250 o).
Q

Therefore, the analysis of (1.1) can be reduced to that of the weighted Ginzburg—Landau

functional .
1 9 p 1
- Vaul? + 25 (1 — |ul?)? —/ H— He|*
s [ (st =) 45 [ - il
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We refer to [DVR26a, Section 2] for details. The influence of the pinning term is thus
incorporated into the spatially dependent weights p? and p?. In particular, the estimates
used in the construction and analysis of the Meissner solution, which we introduce next,
must account for these weights and remain uniform as ¢ — 0.

The Ginzburg-Landau model admits a distinguished configuration, unique modulo gauge
transformations, that we refer to as the Meissner state, in reference to the Meissner effect
in physics. It is obtained by minimizing the Ginzburg-Landau energy under the constraint
lu| = pe. More precisely, for each vector potential A, the phase ¢4 is chosen to minimize

1
5 [ = vor
Q

Equivalently, A — V¢4 is in the weighted Coulomb gauge associated with the weight p?,
namely,

div(p?(A—Vaa)) = 0 inQ
(1.5) { (A—Véa)-v = 0 on 0.

This reduces the constrained problem to the minimization of a functional depending only
on the vector potential; we refer to [DVR26a, Section 2.3] for the precise construction and
discuss the weighted Coulomb gauge in more detail in Section 2.1.

We denote by A? the minimizer of this reduced functional, chosen so that

(]‘6) Ag - AO,eX € Héiv:Oa
and let ¢2 := ¢ 40. The Meissner state then takes the form
(peeihex¢g7 hexAg)’

where ¢ and A? depend on the domain 2, the normalized applied field Hy e, and the weight
function p..

In view of (1.5), the Helmholtz—Hodge decomposition yields the existence of a unique
vector field BY such that

(1.7) p2(AY — V@) = curl BY  in Q,
with

. O _ .
(1.8) { divB = 0 in{

BYxv = 0 ondQ.

The estimates resulting directly from the minimization give, in particular,
0 0 0

1A = Avexll iy + VOl 2@rs) + || curl B[ 2 (ops) < C.

The Euler-Lagrange equation satisfied by AY, which may be viewed as a weighted London
equation for the vector potential associated with the induced magnetic field curl AY; is

curl’(AY — Agey) + xoeurl B =0 in R?.
From (1.6), we deduce that
—A(A° — Apex) = —xqcurl BY in R
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Since xq curl B € L*(R3,R3), interior elliptic regularity, applied with a cut-off supported in
a sufficiently large ball containing €2, yields

HAS - AO,eXHW272(Q7R3) S C
By Sobolev embedding, we then obtain
|42 — Ao exlwrsome) < C.
On the other hand, since Agx is in the Coulomb gauge in €2, Lemma B gives

| Ao ex|lwrsorsy < Ol Hoex| Lo (,r3)-
Consequently,
||A2HW1,6(Q’R3) < C.
By Sobolev embedding, we conclude that

Since b < p? < 1 (see Proposition 2.1), the classical result of Groger [Grog89] (see also
[Mey63] for Dirichlet boundary conditions) establishes that there exists py > 2 such that

(1.10) IV 2| v ,r3) < Cll AL oo o,r3),

where both py and C' depend on b but not on . For our analysis, however, we need (1.10) to
hold uniformly in € for the exponents specified in the statements of our main results. This
is one of the points where the presence of the spatially dependent weight creates substantial
additional difficulties. In particular, both the gain in integrability and the constants in the
relevant elliptic estimates must be controlled uniformly in €.

In the course of writing this article, we realized that there is a mistake in the proof
of [DVR26a, Proposition 2.2] concerning the regularity of V¢?. There, it was incorrectly
concluded that (1.10) holds uniformly in € for any py > 2. In fact, extending this estimate
beyond the exponent provided by the general theory requires either further assumptions on
pe or an e-dependent constant which, loosely speaking, depends on a suitable control of the
oscillations of p? at sufficiently small scales; see, for instance, [BWO05].In a work in progress
[DVRY], we will show that, under the main assumption on p. in [DVR26a], estimate (1.10)
holds for any py > 2, with a constant C' = C(¢) = |log 5|M for some M > 0. This estimate
still suffices to establish the results of that paper.

To ensure that (1.10) holds for the required exponent, we fix py > 2, as specified in the
statements of our main results, and assume hereafter that there exist constants rq > 0 and

do = 0o(b, po,70) > 0 such that, for all sufficiently small €,

)
(1.11) [02]Bat0,,(2) < 50
Under this assumption, [BW05, Theorem 2] yields (1.10). Let us also remark that (1.11) is
automatically satisfied whenever b is sufficiently close to 1.

In view of (1.7), combining (1.9) and (1.10), we also obtain
(1.12) | curl BY || ro(a.rs) < C.
Moreover, in view of (1.8), [AS13, Corollary 3.4] yields
(1.13) 1 B2|lw v (zs) < C.
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We are now in a position to state our first main result. It establishes the existence of a
locally minimizing vortexless configuration in a range of applied fields extending far beyond
the first critical field. In addition to its local minimality, we obtain quantitative estimates
showing that this configuration is close, up to gauge transformations, to the Meissner state
introduced above.

Theorem 1.1. Let o € (O, %1) and suppose that

> .
Po 1 -3«

There exists g > 0 such that, for any € < €g, if hex < €7%, then there exists a vortexless
configuration (u,A) = (p.ue™>? A + hey A%) which locally minimizes GL. in H'(Q,C) x
[Aex + Heun] and satisfies the following properties as e — 0:

(a) GL(p-em9 he A%) +0(1) < GL.(u,A) < GL.(poe™=9? ho AY).
(b) [T = fulllze(@) = o(1) and [[|u] = pcllLee(a) = o(1).
(c) There exists 6 > 0 such that
F.o(u, A) < CM°.
(@) 1, A)ll e sy = 0(1) and oz, Al e = 01,

(e) Up to a gauge transformation, we have

«

: i0 , _
eel[gf%] lu—e®llmee) + [|Allg = o(1).
(f) Up to a gauge transformation, (p='u,A) converges to (eihexd? hex A). More precisely,
we have
=o(1).

, B o
inf [|p7tu — efeiftex?e e + 1A — hexAgHHéiV:

0e[0,27] 0

Remark 1.1. The condition py > % approaches the natural threshold po > 3 as a — 0.

The requirement py > 3 s related to the Holder reqularity needed to estimate the vorticity
term. More precisely, the argument uses
— 3
Wh(Q) — C%(Q),  Bo=1-—,
Po
together with a quantitative vorticity estimate that provides a gain of order £F. The condition
% > « s exactly equivalent to the condition on py above.

Our last result concerns the uniqueness, up to a gauge transformation, of locally minimiz-
ing configurations satisfying a suitable free-energy bound after factoring out the Meissner
state. The vortexless character of the configuration is not assumed, but instead follows from
the hypotheses. In particular, this result applies to the locally minimizing branch constructed
in Theorem 1.1.

Theorem 1.2. Let a € (0,1) and suppose that

> .
Po 11—«
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«

There exist constants co > 0 and €9 > 0 such that, for any ¢ < g, if hex < €7, then a
configuration (u,A) = (pue™>? A + hey A%) which locally minimizes GL. in H'(Q,C) x
[Aex + Heun] and satisfies F. q(u, A) < coe is unique up to a gauge transformation.

Remark 1.2. Theorem 1.2 applies, in particular, to the locally minimizing configuration
constructed in Theorem 1.1. Indeed, for some § > 0,

F.o(u, A) < Ce'™ = o(e).
Consequently, for any fixed co > 0, we have

F.a(u,A) < cpe

for all sufficiently small €. Moreover, in the range o € (0, %) covered by Theorem 1.1,

4
3 3
1—3a 1—a’

so the condition on py required for existence automatically implies the one required for unique-
ness. Therefore, the locally minimizing branch constructed in Theorem 1.1 is unique up to a
gauge transformation without any additional assumption on pg.

For this common range of existence and uniqueness, the required exponent approaches the
threshold py > 3 as o — 0, which is natural in view of the Hélder embedding

W (Q) < 50 (7).

On the other hand, the required exponent approaches 12 as o — %.

Together, Theorems 1.1 and 1.2 provide a rigorous description of the persistence of the
Meissner branch in the three-dimensional pinned setting. They show that locally minimizing
vortexless configurations continue to exist, and remain unique within a natural quantitatively
controlled class, for applied fields extending far beyond the first critical field. In particular,
the loss of global minimality at H., does not correspond to the disappearance of the Meissner
branch. This is consistent with the expected superheating scenario, according to which this
branch should remain locally stable until a much larger applied field, of order 1.

These results constitute, to the best of our knowledge, the first rigorous analysis of the per-
sistence and uniqueness of the Meissner branch for the three-dimensional magnetic Ginzburg—
Landau functional with a spatially dependent pinning term. Although the ranges obtained
here do not reach the expected scale of the superheating field, they provide an algebraic
regime of locally stable vortexless solutions and extend the variational picture previously
established for the homogeneous model to the pinned setting.
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2. PRELIMINARIES

In this section, we collect some preliminary results that will be used throughout the paper.
We first introduce the different gauge choices needed in our analysis and recall some classical
estimates. We then establish some basic properties of the pinning profile p. and of critical
points of the Ginzburg-Landau energy. Finally, we recall a useful splitting of the energy and
prove the clearing-out and vorticity estimates that will play an important role in the proofs
of our main results.

2.1. Gauge choices. We begin by introducing the three gauge choices that will be used
throughout the paper. The first two are defined in bounded domains, while the third one is
a global divergence-free gauge in R3.

Definition 2.1. We say that a vector field A is in the Coulomb gauge in a bounded domain
O if

divA = 0 in©
(2.1) { A-v = 0 on 00.

Every vector field A € L*(©,R?) can be put in this gauge. Indeed, there exists a function
¢ € H'(O), unique up to an additive constant, characterized by

/@qu~V1/J:/eA-V¢, vy € HY(O).

Equivalently, ¢ is the weak solution of
Ap = divA in©
% = A-v on006.
v

It follows that A — V¢ satisfies (2.1). After extending ¢ to a function in H.

loc (R3)7 the
corresponding gauge transformation is defined in the whole space.

The presence of the pinning profile p. leads naturally to the following weighted version
of the Coulomb gauge, which arises in the construction of the Meissner state and in the
estimates for the phase.

Definition 2.2. We say that A is in the weighted Coulomb gauge associated with the weight
Pz if

div(p?4) = 0 inQ
(2.2) { Av = 0 ondq.

As in the previous case, every vector field A € L*(, R?) can be put in this gauge. Indeed,
since b < p? < 1, there exists a function ¢ € H'(2), unique up to an additive constant,
characterized by

[ovo-vi= [ 2ave. viem.
Q Q
Equivalently, ¢ is the weak solution of
div(p?Ve) = div(p?4) in Q
(2.3) o

¢ _
9 A-v on 0f).
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It follows that A— V¢ satisfies (2.2). As before, ¢ may be extended to a function in H}. (R?),
so that the corresponding gauge transformation is defined in the whole space.

Remark 2.1. As discussed in the introduction, the regularity of the solution ¢ of (2.3)
depends on the regqularity and oscillation of the weight p?. Under assumption (1.11), if
A€ L (Q,R?), then [BW05, Theorem 2| yields

V|| o3y < CllA||Lro,r3),

where C' s independent of €.

For the global gauge choice, we recall some additional properties of the homogeneous
Sobolev space introduced in the previous section. By Sobolev embedding, there exists a
constant C' > 0 such that

(2.4) [ Al Lors rsy < Ol VAl L2 (s k)
for every A € H'(R® R?). Moreover, by [KS91, Proposition 2.4],
' (R R®) = {A e LS(R* R?) | VA € L*(R*,R%)} .
In particular, combining (2.4) and (1.2), for every A € H} _, we have
| Al Lo (ms g3y < C|| curl Al|p2(rs sy

We finally introduce the global divergence-free gauge.

Definition 2.3. We say that a vector field A is in the global divergence-free gauge if
A€ Hijyoo.

The fact that every configuration can be put in this gauge follows from the decomposition
established in [Rom19a, Lemma 2.1].
Lemma A. FEvery vector field A € Hey admits a decomposition

A=curl B+ Vo,

where B,curl B € HY _, and ® € H2 (R?).

loc
Indeed, after the gauge transformation

u — ue A— A—-VO,

we obtain A = curl B € HL _,.

2.2. Some classical estimates. We will repeatedly use the following classical estimates

for vector fields in the Coulomb gauge, which follow directly from [AS13, Corollaries 3.4 and
3.5].

Lemma B. Let © be a bounded and simply connected domain of R® with C? boundary, and
let A satisfy (2.1) in ©. Then, for any p € (1,00),

||A||W1,p(@7R3) S CH CurlAHLp(@’]RS)

”AHsz(@’RZi) S CH CUI'IAle,p(@JRB).
Here, C depends only on © and p.
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We will also use the following estimate, which is the Neumann counterpart of [BBH93,
Lemma A.2]. The proof follows the same argument, with only minor modifications.

Lemma C. Let © be a bounded domain of RY, with N > 2, having C? boundary. If v
satisfies
—Av = f in®©
{ % = 0 on 00,
where f is such that f@ f =0, then there exists a constant C' > 0 depending only on © such
that

IVollZee) < Clivlz=e) (1AV] =) + [vll=(e)) -
2.3. Properties of the pinning profile. We next establish some basic properties of the
pinning profile p. defined by (1.3).

Proposition 2.1. We have b < p? <1 and
||Vpa||Loo(Q7R3) S 06_1.

Proof. Testing (1.3) against (p. — 1) € H'(Q2), we find
1
/ |Vp€‘2 = _2/ (pe — 1)pe(ae — pg) <0,
{pe>1} €% J{pe>1}

where the inequality follows from a. — p? < 0 when p. > 1. From this we deduce that
{p: > 1}| =0, and hence p. < 1.

Analogously, by testing (1.3) against (p. — vb)_ = —min { p. — Vb, 0}, we deduce that
Vb < pe. Therefore,
b<p?<l.
On the other hand, Lemma C, together with the bounds b < p? < 1 and b < a. < 1, yields
IV el sy < Cllpellze@) (12p:llz (@) + llpel ()

< c‘ e,
L=(@)

p
;;(as - pg )
C
< —.
S 3
The result follows. O
2.4. Critical points of the Ginzburg—Landau energy. We now collect some properties
of critical points of GL. that will be used throughout the paper.

Proposition 2.2 (Ginzburg-Landau equations). If (u,A) € HY(Q,C) x [Aex + Heun] is a
critical point of GL., then (u,A) satisfies the system of equations

1
—(Va)u = gu(a‘E —|uf¥) inQ
(2.5) curlH— He,) = (iu,Vau)xyq in R3

Vau-v = 0 on 0f)
H—Hylxv = 0 on 0.
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Here, xq is the characteristic function of Q, [-] denotes the jump across OS2,
3

Vau-v = Z(aju — iAju)v;,

j=1
and the covariant Laplacian (Va)?* is defined by
(Va)?u = (div —iA-)Vau.

Proof. The proof follows by standard variations of G'L. with respect to u and A and is
analogous to the proof in the homogeneous case given in [Rom19a, Proposition 2.1]. U

Proposition 2.3. Let (u,A) be a critical point of GL.. Then

u
(26) ||u||Loo(Q7(C) S 1 and — S 1.
Pe |l Lo (9,0)
Moreover, if A is in the Coulomb gauge in §2, then
1

Proof. By taking the inner product of the first equation in (2.5) with u and using the first
boundary condition, a direct computation shows that |u| satisfies

1 .
=5 A = Sl e = [ul) = [Vaul* inQ
ViuP-v = 0 on 9.

Testing against (Ju]?> — 1), € HY(Q), we find
5[ VPR =5 [ P )l - 1) = [Vau (- 1) <0,
{lul>>1} <0 J{Jur>13
where the inequality follows from a. — |u|*> < 0 when |u|* > 1. From this we deduce that
{|u|* > 1}| = 0, and hence |u|? < 1 in .
Now, writing « = pZ'u, by combining the first equation and boundary condition in (2.5)
with (1.3), we find

e2

Vau-v = 0 on Of).

Taking the inner product with u, a direct computation shows that |u| satisfies

{—(div—iA~)(p§VAu) = L= ) mo

4

. p .
(V) = SR ) 2l n €
Viul*> v = 0 on Of).
Testing against (|u|®> — 1), € H'(Q), we find
1 1
o [ AV G [t ) - 1) - 2ITa (- 1) <0
{lu[?>1} € Ju2>13

where the inequality follows from 1 — |u|? < 0 when |u[?> > 1. From this we deduce that
{|u|?> > 1}| = 0, and hence |u|*> < 1 in .
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On the other hand, if A is in the Coulomb gauge in €2, by expanding the covariant Lapla-
cian, we find

1 .
—Au = gu(ae — |ul?) = 2iA - Vu — |A[u,

together with the boundary condition Vu - v = 0 on 0f2. Hence, by applying Lemma C and
using ||ul|ze,c) < 1, we find

1
V6l < € (5 + IAlumtomo Vullmacs + AT~ )

from where it follows that
Vulimioen < C (2 + [Almos )
Il
Proposition 2.4. Let (u,A) be a critical point of GL.. If A is in the Coulomb gauge in §2,

then
u
Al o (,r3) < C HVA (—> + hex | -
p&‘ LZ(Q,(C:")

Proof. Since (u, A) is a critical point of G L., it satisfies the second Ginzburg-Landau equation
(2.8) curl’(A — Ag) = (iu, Vau)xo in R®.
Since A — Ao € Heun, we have

curl(A — Ae,) € L*(R? R?).

Moreover,
diveurl(A — Ay) =0 in R?,
and, by (2.8), (2.6), and the fact that Vau € L*(Q, C?),
curl> (A — Ay) € L*(R3 R?).
Using the classical whole-space div—curl identity

HV Curl(A - AeX>H%2(R3,R3) = ” CUI‘12(A — Aex)‘&?(R?’,R?’) + H div CllI'l(A — Aex)”%%ﬂ{?’)?

we obtain
curl(A — A,) € H'(R? R?)
and
||V curl(A — Aex) ||L2(R3,R3) = || Curl2(A — Aex) ||L2(R3,R3)-
Since

curl(A — Ay) € HY(R? R?) ¢ HY(R? R?)
and this vector field is divergence free, we also have
curl(A — A) € HL .
Writing u = p_ 'u, we observe that
(i, Vau) = (ipott, Va(pow) = poliu, u¥p. + p.Vau)
= p.Vp.(iu,u) + p2(iu, Vau) = p2(iu, Vau).
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Using (2.8), (2.6), and the fact that p. < 1, we obtain
HV curl(A — AeX) HL2(R3,R3) = || curlQ(A — Aex)||L2(R3,R3) S ||VAUJ||L2(Q’(C3).
In view of (2.4), we then find that
|| Clll"l(A — Aex)”L6(R3,R3) S C”VAUH[}(Q@B).
Using Lemma B, and recalling that both A and A., are in the Coulomb gauge in {2, we
conclude that
HA — AexHWLG(Q,R?’) S CH CUI‘](A — AGX)HLG(QJRB)
and
HAexHWLG(Q,R?’) S OH CuI‘l AexHLG(Q,R3)-
We then deduce that
||A||W1v6(Q,R3) S O (||VAU||L2(Q,C3) + || Curl Aex||L6(Q,R3)) .
Finally, by Sobolev embedding and recalling that curl Aey = hexHoex, We find
HAHLoo(Q,]st) <C (HVAuHLQ(Q,Ci*) -+ hex) .
This concludes the proof. Il
2.5. Energy and vorticity estimates. We conclude this section with three ingredients
that will play a central role in the proofs of our main results. We first recall the energy
splitting established in [DVR26a, Proposition 1.1], and then prove a clearing-out estimate
and a quantitative estimate for the vorticity.
Proposition A (Energy splitting). Given any configuration (u,A) € H'(Q, C) X [Acx+ Heun),
letting (u, A) be defined via the relation

<u7 A) = (psuelhcx¢g7 A + hexAg)a

we have
(2.9) GL(u,A) = GLo(pee % hey A) + Fi (1, A) — hiey / p(u, A) - BY + Ry,
Q
where
F.,.(u,A) = 1/ P2V u|2+p_§(1 — |ul*)? +1/ | curl AJ?
Eape L 2 Jo \[eA 22 2 Jrs
and 12 (curl BY?
- curl B;
RO = 7 —2(|U|2 — ].)
Q pe

Lemma 2.1 (Clearing-out estimate). Let v € H'(Q,C) satisfy ||V|ul|p=@rsy < Ce'.
Then o

A-flw) <5 [ @-luP? Vel
Be(z0)NQ2

V)
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Proof. The proof is an adaptation of [BBOO01, Lemma IT1.3]. Let
k=1 — |u|(zo).

We may assume that & > 0, since otherwise the result trivially holds. For any x € (2, we

have o
|Jul(2) = ul(z0)| < |V |ulllL@ps)|z — o] < glx — Zg|.
ke

Letting 7 := 5%, we obtain

C k
1—|ul(z) >k — —|z—x0| > 5 Vo € B.(x) N Q.
€
Since 0 < k < 1, by increasing C' if necessary, we have r < ¢, and hence B, (zo) C B-(zo).
The C? regularity of 9 implies that there exists a constant ¢ > 0, depending only on €,

such that
|B,(z0) N Q| > or®.

Hence

[oamwprz [ a-pr= [ e )
B (z0)NQ2 By (z0)NQ2 By (z0)NQ2

k
> (1—|u))? > c—r® = ——k°c”.
/L;s’r(wo)ﬁﬂ 4 3209

The inequality is thus proved. O
Proposition 2.5 (Quantitative vorticity estimate). Let (u, A) € H'(Q,C) x H'(Q,R3) be
such that F.o(u, A) < &*, for some X € (0,1], and let 8 € (0,1].
If A > %, there exists Cg > 0 depending on 3 and € such that
8
[[pe(u, A)Hc%ﬁ(Q,RS)* < CpeiFeo(u, A).
If A< %, then, for any v € (0, \), there exists Cg > 0 depending on 5 and S such that
”M(ua A) HCTOQB(Q,RS)* < Cﬁgﬁ(A_V)FE,Q(Uw A)

The estimates hold for all sufficiently small ¢, where the corresponding threshold may
depend on A and, in the second case, on 7.

Proof. We consider, for ¢ sufficiently small and § = d(e) = €7, with ¢ < % to be fixed
later, the grid &(b.,0) associated with (u, A) by [Rom19b, Lemma 2.1]. In particular, using
the same notation as in that lemma, we have

lu| >5/8 on Ry (B(be,d)),

Il = / ee(u, A)dH' < C62F. g(u, A) < Ce 27,
R1(&(be,0))
(2.10) 2= / e-(u, A)dH? < C5 ' FLo(u, A) < Ce™ ™,

Ra (& (be,6))

Here, C' is a universal constant.
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We claim that if ¢ < A and ¢ is sufficiently small, then, for each face w of a cube of the
grid, every connected component S, of
{zrewllulx)] <1/2}

satisfies
dg, = deg(u/|u|,05,) = 0.
Indeed, by [Rom19b, Lemma 4.1], a result adapted from [Jer99], we have

ds.| < C / Ve,
Sw

where C'is a universal constant. Combining this with (2.10), we obtain
ds,| < CI? < O™

Since dg, is an integer and o < A, the claim follows for all sufficiently small .
It follows that the vorticity approximation v, of p(u, A) provided by [Rom19b, Theorem
1.1] vanishes identically in 2. Estimate [Rom19b, (8.10)] then yields

|| (s A)Ho%l(g,u@)* < O6F. q(u, A) + Cmax{ed ' F.q(u, A),e}(1 + § ) F. q(u, A).

Notice that
55‘1F5,Q(u, A) < e %N < ¢

since o < A. Therefore, the previous estimate gives

(s, Al cor sy < C(0+ ed ) FLq(u, A)

and hence
(2.11) || (e, A)||C%1(97R3)* < Cemitel=203 o (u, A).
We first consider the case A > % Choosing 0 = %, we have 0 < A and
14+ A
< —.
7=

Moreover,
) 1
min{o, 1 — 20} = 3

Thus, (2.11) yields

1
(2.12) ||/L(U,A)||C%1(Q,R3)* < CesFg(u, A).
Suppose now that A < % Given 7 € (0, A), we choose
o=A—".
Then 0 < A\, 0 < %, and
1+ A
7=

Hence,
min{o,1 — 20} =0 =\ — 7,
and (2.11) yields

(2.13) 11 Al < O Fen(u, A)
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In addition, from [Rom19b, Lemma 8.1] we have
(214) H,LL('LL, A)||CO(Q,R3)* S OF&Q('LL, A)
Interpolating between (2.12) and (2.14), we conclude that, if A > £, then
8
| 1w, A)Hc%ﬁ(g,ﬂg:%)* < Cges Fea(u, A).
On the other hand, interpolating between (2.13) and (2.14), we conclude that, if A < 3,
then, for any v € (0, \),
Il (e, A)Hcgﬂ(g,RS)* < Cﬁgg(/\_wFE,ﬁ(U» A).

The proposition is thus proved. U

3. EXISTENCE
We now present the proof of Theorem 1.1.

Proof. We proceed in several steps.

Step 1. Existence of a constrained minimizer.
Given a configuration (u,A), we let (u, A) be defined by the relation
(1,A) = (pue™, A + hy AD).
We then consider the set
U={(uA) € H(Q,C) X [Aex + Hew] | Fro(u, A) <e}.

We note that (us, Ay) i= (p.e™x% he A%), that is, (us, A,) = (1,0), satisfies F. o(uo, As) = 0.
Therefore, U is non-empty.

Let us prove that GL. possesses a minimizer in U. For this, let {(i,,A,)}, C U be a
minimizing sequence. Lemma A yields a gauge-transformed sequence

{(un, An)}n C Hl(ch) X [Aex + H&iv:O]'

By gauge invariance,

GL.(0n,A) = GL(up, Ay).
Since (u., A;) € U, we may choose the minimizing sequence so that
GL:(up, A,) < GL(uo, A)
for every n. Then
IVaunllzoes),  llae = |unl?ll2@),  and |l curl(A, — Aeo) || 2(@s ps)

are bounded independently of n. Since A, — A € H . we have

iv=0"
HATL — AeXHHjiv:O = H Curl(An — Aex)"LQ(R3,R3)7
and therefore {A,, — Aec}n is bounded in H .

is bounded in L5(, R?).
On the other hand, using

]un\4 = (|up|? — ac + a.)* < 2(aec — |un|?)? + 202 < 2(a. — |u,|?)? + 2,

Moreover, by Sobolev embedding, {A,},

iv=0"
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we get
a. — |u,|?)?
||Un||i4(Q7C) < 2|Q| + 882/ M

Q 4e? ’
which implies that {u,}, is bounded in L*(Q, C).
Noting that
Vu, = Va,u, +iA,u,,
and using Holder’s inequality, we deduce that {u,}, is bounded in H'(£2,C).
We may then extract a subsequence, still denoted by {(u,, A,)}n, such that

(un7 An - Aex) - (U, A - Aex)

weakly in H(Q,C) x H? o- By compact Sobolev embedding, we also have strong conver-

div=
gence in
LY(Q,C) x LY(Q,R?)
for every ¢ < 6.
Let us now show that

(3.1) GL.(u,A) < limninf GL:(up, Ay).
By strong convergence in L*(, C),
lim [|az — Jun*[l22(0) = llae = [u*[|z2(0).
Also, by the weak lower semicontinuity of the norm in H} _,,
limninf | curl(A, — Aex) || L2(rs g3y = limninf IV (A, = Al 22(r3 %)

> [[V(A = Ae) [ 2 (@3 29

= || curl(A — Aex) || L2 (r3 r3)-
Moreover, u,, — u strongly in L*(Q,C) and A,, — A strongly in L*(Q2,R?). In particular,

A,u, — Au  strongly in L*(2,C?).

Using also the weak convergence of Vu, in L*(€2, C?), we deduce that

lim inf ||VAnUn“%2(Q7C3) = lim inf <||Vun||%2(gy(cg) — 2/(VumiAnun) + HAnunH%Q(Q’Cg))
n n 0

> [Vl — 2 / (Vu,iAu) + A2 005,

= HVAUH%Q(Q,C?’)'
Hence, (3.1) holds.
We now claim that
(3.2) F.o(u,A) <liminf F g(u,, A,).
Recall that ’
Uy, = pgle_Zhex¢gun, A, =A, — heXAg in €.
We first show that
u, —u weakly in H'(Q,C).
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Since b < p? < 1 and p. € Wh*(Q), multiplication by p-! is continuous in H'(£2). Moreover,
since py > 3, letting

2po
q= < 6,
Po — 2
we have
I 1 1
2 Do q

The strong convergence of u, to u in L9(2, C) and estimate (1.10) imply that
u, Vol — uVe? strongly in L*(€, C?).

Together with the weak convergence of u, to u in H'(£2,C), this proves the claimed weak
convergence of u,, in H*(2, C).

On the other hand, since A? € H'(Q, R?) is independent of n, the weak convergence of A,,
to A in H'(Q,R?®) implies that

A, = A weakly in H'(Q,R?).

Here, we used the fact that the weak convergence of A, — A to A — Agy in H Cllivzo, together
with the fact that A.. does not depend on n, implies the weak convergence of A, to A in

H'(Q,R3).
Arguing as in the proof of (3.1), we deduce that

F.q(u,A) <liminf F, o(u,, An),

which proves (3.2). )
Moreover, by gauge invariance and since (u,,A,) € U, we have
F.a(un, A,) <e.
Therefore, (3.2) implies that
F&,Q(“? A) S g,

and hence (u,A) € U.
Step 2. Interior minimality and first energy estimate.

We next show that (u,A) € U. Since (u, A) minimizes GL. over U, this will show that it
is a local minimizer of GL. and hence a critical point. Combining

GL.(u,A) < GL.(us, A) = GLc(poe™% oy A?)
with (2.9), we find
Fep(u, A) — hex/ p(u, A) - BY + Ry < 0.
It follows that ?

(33) FE,Ps (u7 A) S heX”M(u7 A) ”Cg’ﬂO(Q,Rg’)* Bg”cg’ﬁO(Q?RB) - R07
where

3
(3.4) Bo=1——>0.

Do
In view of (1.13), Sobolev embedding gives

(35> ||Bg||cg‘B0(Q’R3) <C.



METASTABILITY OF THE MEISSNER STATE WITH PINNING 21
On the other hand, since F; o(u, A) < ¢, Proposition 2.5, applied with A\ = 1, yields
fo
(36) ||,LL(U, A)||C;’ﬁO(Q’R3)* <Ces Fﬁ,ﬂ(“? A)

We next estimate the last term in (3.3). Recalling the definition of Ry, we have
h

2
—Ry < eX/|curlBg|2(1—|u|2)+.
20 Jq
Let
q= Do
P0—27
so that
2 1
—+-=1.
Po q

By Holder’s inequality and (1.12),
~Ro < OB curl BY ozl (1 = [uf?) e
< Chg (X = [ul®)+[lzoo-
If pg > 4, then ¢ < 2, and hence
1 = Jul*)+llza@) < CIL = Jul)+ll12(@) < CeFlalu, A)2.
If 3 < pg <4, then ¢ > 2. Since
0<(I—Juf)r <1,
interpolation between L?*(2) and L*°(€2) gives

1—2
q

2
11 = Tl oy < 108 = [ 2 (1 = )+ ey
< 0w 57Q<U,A)1_%.

Defining
(3.7) V= min{l,Z—i},

Do
we conclude in both cases that

(3.8) —Ry < Ch%e’F.q(u, A)z.

Combining (3.3), (3.5), (3.6), and (3.8), and recalling that he, < e and F. o(u, A) < e,
we obtain

(MY

SIY

Fup(u, A) < Chees Feg(u, A) + Ch2e” F.(u, A)

3

Bo _ 39 _
< Celts2 4 Cez 2o

Recalling (3.4), we observe that the condition

>
Po= 9734

is equivalent to
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Moreover, this condition implies that

Y
37—204>1.

Indeed, if py > 4, then ¥ = 1 and the latter inequality follows from o < i. If 3 <py <4,
then ¢ =2 — pio, and

)
3——204—1—2—£—204>0
2 Po
where we used py > 5~ > == We conclude that

F.,.(u,A) = o(e).
Since
F.o(u,A) < b 2F., (u, A),
we obtain
F.o(u, A) = o(¢).
Therefore, (u,A) € U.
Recalling (2.9), an immediate consequence of the previous estimates is that

GL.(u,A) > GL.(uo, As) + o(1).
On the other hand, since (u, A) minimizes G'L. over U and (u,,A,) € U, we have
GL:(u,A) < GL.(uo, Ay).
This proves item (a).
Step 3. Clearing out and improved estimates.

Since (u, A) is a critical point of G L., it satisfies the Ginzburg-Landau equations. We can
gauge transform this configuration into (u%, A®) in the Coulomb gauge in 2. Notice that

(p='u®, A%)
is gauge equivalent to
(u, A+ hex(A2 = VL))
Hence, using (1.7), || curl BY||2qrs) < C, and ||u| =) < 1, we find
[V ac (p2 - C)||L2 Q,Cc3) = ”VA+hex(A° V¢°)U||L2(Q C3)
= HVAJFhengQ curl BgUHm(Q,(ci”)
< C (IVaulzgen + b
< C(e+h2).
Proposition 2.4 then implies that
|AC | Lo (p3y < Ce™®
Using (2.7) and the fact that o < 1, we find
VUS| oo (c3y < O™
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By gauge invariance, |u| = [u|, and therefore

o O

IVIulllz= @,z = [V ul| e ome) < VUl en) <

Moreover, since
|ul

‘u’ =
Pe

Proposition 2.1 yields
u
9l =y = Hv%

€

¢
.

< C (IV]ulll Lo (ors) + 1V pell Lo re)) <
Lo (Q,R?)

We can therefore apply Lemma 2.1. For every zo € €,

C C C
(1 (@) < / < / (1— [u?? < S Fog(u, A) = o(1).
€% JB.(z0)nQ2 € Ja €

We have thus proved that
11— |ull|Loe@) = o(1).
Since |u| = pe|ul, this also implies that
Iul = pellLoe @) = o(1).
This proves item (b).
We can now use [Rom19a, Proposition A.1] to improve our vorticity estimate. Since
lu] > 1 for all sufficiently small &, we have

(3.9 11, Al ey < C=Feaa(t, A).
By interpolation with (2.14), we find, for any § € (0, 1],
HH’(U7A)||C%B(Q7R3)* < 085F57Q(u, A)-

This allows us to improve the estimate on F. g(u, A). Arguing as above, with 5 = ), and
recalling (3.4) and (3.7), we obtain

(3.10) Fep (u, A) < Chee® Fg(u, A) + Ch2 e’ F. o(u, A)?.

Since [y > 3a > «, the first term on the right-hand side can be absorbed for all sufficiently
small €. Since g < %, using once again

F.o(u,A) < b_QFE,pE(u, A),

yPe

we deduce from (3.10) that

Therefore,
9—2a
F.o(u,A) < Ce'-%
Let
¥ — 2« % —2a—1
0= 1_o 7
) T2

The inequality
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proved above shows that 6 > 0. Hence,
FS,Q(U,A) S O€1+6.

This proves item (c).
On the other hand, by direct computation,

" (pi A) = 1 (i, A — hex(A? — V) + ey (A0 — V¢2>)

€ €

=u (i, A — hey(A? — v¢§)) + hex curl ((1 —

u

p ) (Aa - v¢a)>

€ €

1 BY
= 11(u, A) + hey curl ((1 ~ ) ) .

2
€

Here, in the last equality, we used that
(o= u, A = hex(A2 = V0))
is gauge equivalent to (u, A), together with (1.7).
For any B € C»'(Q,R?), integration by parts gives

1 BY 1 BY
/ hex curl ((1 — |u|2)cur—25) -B hex/(l - |u|2)cur—E : curlB‘
Q Pz Q

2

£

< Chex|1 = [ul|| 2@ | curl BY[|2o.p) |1 Bl cor o sy

1
S Chengs,Q(u7 A)2 HBHC%J(Q,R?’)

— o(1) Bl et 0
We therefore deduce that

(54) s

Together with (3.9), this proves item (d).

=o(1).

C%l(Q,R3)*

Step 4. Convergence in the global divergence-free gauge.
By gauge invariance and Lemma A, we may assume that

A— A € Hiy o
Recalling that
A=A—he A = (A= Acx) = hex(A2 — Agex),
and using (1.6), we deduce that '
A€ Hyy—g.
Moreover,

(3.11) 1412y = lleurd Al g ) < 2P (1, A) = ofe).
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On the other hand,

/|Vu|2 §2/ |VAU|2+2/ |lu|?|A|?
0 Q Q

<C [ Yt + Clullm | Al
< Oy (0, 4) + OLA,
< CF,, (u,A) = o(e),

where we used b < p2, ||1 — |ul|| @) = o(1), and

[All2@rs) < CllAl|zs@s ey < CllAl g -

0
7
U= = u,
2 Jo

the Poincaré-Wirtinger inequality yields

(3.12) /Q = uf? < O/Q Vul? = ofe).

Notice also that
Ja-t< [a-ppy
0 0

Sl =l < [
Q Q
We then deduce that

Jn—tp <o [a—wrec [ - = o)

Since u is constant, it follows that

u=(1+o0(ve))e"” = e” + o(Ve)

for some 6 = 6(¢) € [0,27]. From (3.12), we obtain

3.13 inf — e = .
( ) eel[g’%]ﬂu € ||H1(Q,<c) 0(\/5)

Letting

and

Combining this with (3.11), we have proved item (e).

Step 5. Convergence to the Meissner configuration.
Recalling that

pglu = ueihe"d’g,
we have
14 f 1,0 ihexg? — inf 0N ihexd? )
(3.14) 661[327r]||p€ u—-ee |l .0 961[{)1’%] |(u—€e*)e |l .0

On the other hand, for any 6 € [0, 27],
(3.15)

25

0\ ihex 2 i i
I(u = e®)e || giiae) < C (llu— e’ 20 + [[VullL2qes) + hell(u =€)V 20c)) -
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Recalling (1.10), since py > 3, Holder’s inequality and Sobolev embedding yield

(3.16)  [l(u = ")Vl 2en < llu—e”| m(m)llvcbgllmom,m < Cllu = el 0.0)-

Since hex < e and a < 1, (3.13) and (3.16) imply that
hex mf H( 'a)vgﬁgHLQ(Q’((p) = 0(1)

0el0,2m
Combining this with (3.14) and (3.15) we finally obtain

: —_ o0 gihexd?|| — of1).

it oz = e oy = of1)
Since
A — he A2 = A,
and ||A||H§< = o(1), item (f) follows.
The theorem is thus proved. U

Remark 3.1. The condition py > ﬁ arises from the preliminary estimate of the vorticity
term. Indeed, Proposition 2.5 provides a gain of order e5 in the dual of C’g’ﬁ(Q,R?’), while
W (Q) s 50 (1),

Taking =1 — p% gives the condition

(-30)
—1——] >a.
3 Po
The natural gain in the vorticity estimate would be of order €®. This would yield the condition

.3
Po 1—a

which coincides with the condition appearing in the uniqueness result and seems to be the
natural, and possibly sharp, threshold. Obtaining such a gain, however, appears to be very
difficult within the available three-dimensional e-level vortex construction.

4. UNIQUENESS
We now present the proof of Theorem 1.2.
Proof. We proceed in several steps.
Step 1. Coulomb gauge estimates and clearing out.

Let us assume towards a contradiction that there exist two local minimizers (u;, A;) sat-
isfying the hypotheses of the theorem which are not gauge equivalent. Writing

; 0
(uj, Aj) = (peuje™ %, Aj + he AD),
we see that this configuration is gauge equivalent to

(pettj, Aj + hex (A2 — VD).
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We gauge transform the latter configuration into (u]C, AJC), where AJC is in the Coulomb gauge
in Q. Thus,
{ div A]C = 0 inQ
AJC v = 0 on 0.
In particular,
|U§j| = pe|u,l.

Using the gauge invariance of GL., we deduce that (uf, AJC) is a critical point. Proposi-

tion 2.3 then yields

u¢
||U]C||Loo(97(c) <1 and p—] <1.
“ llLee(,0)
Since (u§,A§) is in the Coulomb gauge in 2, Proposition 2.4 gives
u¢
||AJC||L°°(Q,R3) <C ‘VAJ_C <—J> + e
Pe J 1l 2,00

Moreover,

is gauge equivalent to
(uj, Aj + hex(AZ — V7).
Therefore, by the gauge invariance of the covariant gradient,
< C (IV 4,520 + P2 (A2 = VoD B o)

2
¢
(2
7\ pe
< C (Faluy, Aj) + R2) .

Here, we used (1.7), together with ||u;||r~@cy < 1 and | curl BY|| 2rs) < C. Since
F&Q(U/]’, AJ) S CoE

= [V 4, hex( 42960y | 720,099
L2(Q,C3)

and he, < 7%, we conclude that
(4.1) “AJCHLOO(Q,RC’)) < Ce™ .
In turn, Proposition 2.3 and the fact that o < 1 yield
VUS| @,c) < C (67" + [|AS | or) < Ce™
Using
V[uf]| < [Vuf]|
and
Jus| = pt|u§ ],
together with Proposition 2.1, we find
IV [us][l 2 sy = IV (0 Huf Dl orsy < Ce™
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We can now apply Lemma 2.1. Denoting by C., > 0 the constant in the clearing-out
estimate, for every zy € {2 we have

C’CO

(1 = Jusl(wo))” < <5 d

/B ) Q(l - |uj|2)2 < ;OFE,Q<uj7Aj) < CCOCO'
=(xo)N

Let .

T := (CeoCo)5.
We choose ¢y > 0 sufficiently small so that

1 )
(4.2) T<7% and 47 < 50,

where 6y = do(b, po,70) is the constant in (1.11). In particular, ¢y depends on the fixed
parameters of the problem and on py.
By the definition of 7, we have

3
Z§1—7'§|uj|§1 in Q.

We may thus write

“© o

E:nje 7,
where

u]C 3
(4.3) n; = =] = |ul, with - <1—7 <7 <1
&€

Step 2. Elimination of the phase.
We gauge transform (uf’, AY) into (U}, A;), where
Uj = Pey, Aj= Ajc — Vo,

After extending ¢; to a function in H}:

L (R3), this gauge transformation is defined in the

whole space. In particular, (uj;,A;) is a critical point of GL. and is gauge equivalent to
(WA
Since (uj, A;) satisfies the second equation in (2.5), we have
curl’(A; — Aw) = (i, Vi Tj)xo  in R,

Taking the divergence of this equation in €2, we find

div ((4u;, V/}juj)) =0 in Q.
Since u; = p.n; is real-valued,

(i, V3, U;) = —p2m;A;  in Q.
Hence, B

div(n?p?Aj) =0 in Q.

The first boundary condition in (2.5) also yields

Aj-v=0 on 01,
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because u; is real-valued and strictly positive. Recalling that
A c
we conclude that

4.4 div (3 p2(AY = V¢;)) = 0 inQ
) (A]'C—V¢j)'l/ = 0 on 09Q.

29

Thus, AY — V¢, is in the weighted Coulomb gauge associated with the weight 77p2. This
is the only point in the paper where we need to apply the weighted elliptic estimate to a
perturbation of the original weight p2. The factor 1 in (1.11) was introduced precisely to

2

ensure that the small-BMO condition required in [BWO05, Theorem 2] remains valid after

this perturbation.
Indeed, by assumption (1.11),
0,
[pg]BMOTO(Q) < 50
Moreover, (4.3) implies that
I} = Ul po(e) < 2.

For any f € L>(Q2), we have

[f1Br0,, @) < 2| fll=@)-

2
€

(77 — D)2l Bro, @) < 2107 — 1)p2l ey < 2)175 — 1| zoe (-

Therefore, using pz < 1, we obtain

Consequently,

do
202 Br0. @) < [P2)Bro,, @ + [(1F — 1)p2]Bro,, @) < >+ 2[|n7 = 1| L= (e)

5
§§+M§%

where in the last inequality we used (4.2).
Therefore, [BW05, Theorem 2| applied to (4.4) yields

||v¢j||Lp0(Q,R3) < CHACHLPO(QJRS).
J
Combining this with (4.1), we find
HV¢J‘”L1’0(Q,R3) < Ce ™.
It follows that
(45> ||KjHLP0(Q,R3) S HAG||LPO(Q,R3) —+ ||V¢j||LPO(Q7R3) S Cgfa.
J

Step 3. Strict energy comparison.
We prove that, for all sufficiently small ¢,

(4.6) 5 5

2 72

Y:G@@jg+m4mjg_m;Cﬁmé&+&>>0
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Recalling that u; = p.n; and using (1.4), we find

1
GL.(Uj,A)) = &@J+§/<@WWP+&mMV —=(1—1nj) ) /!mMA He|%.
Q

We write
Y=Yy+YI+Ys+ Y5,

2
s [ (557)
Q 2
o\ A+ A |
x X mrn
3 [ (RAE 4 ) - [ 2 (2l | AR
Q Q
2
Vim g [t ) o [ (1 (g
2 — 482 pa M Up 262 0 Pe 2

1 ~ ~ A+ A
Y; = —/ (\ curl A} — Hey|* + | curl Ay — HeX]2> — / curl | = aach H,
2 R3 R3 2

Observe that Y3 > 0 by convexity. We next prove that Yy+Y;+Y5 > 0. A direct computation
gives

where

p?

Yy =
Y,

7
7!

2

1

b
(4.7) Yo= 1 [ A1V 0m = m)F = IV~ mlao0

Moreover,

1 - - -
(48) Yi= / p2| 2 (m —m)? <|A1|2 + ’A2|2> (3771 2mn2 + 303) |AL — Aof®
RAE 16

+ = (m — 772)(;&1 — ;&2) : <(7]1 + 37]2)& + (3m + T]Q)Kg) )

0|

Finally,
1

Y, = ——
27 39¢2

pe(m —m2)? (T(m + n2)? — 4 — 8)
Q

In view of (4.3), we have

11
T +n2)* — 4mme — 8 > o
Using also p? > b?, we conclude that
115%
(4.9) Yo 2 =ssllm = ellza)

We now estimate the last term in (4.8). Since pe < 1 and n; < 1, its absolute value is
bounded by

C [ Im = mellAs  Ral (1As] + [Ral).
Q

Let
2po

po—2’
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so that
1 1 1
S+i+—=1
r 2 po

Therefore, by Holder’s inequality and (4.5),

[ b= mllBa = Aol (&1 + ]
Q

< lm = mallr@ 1A = Aol 2@z (H"&lHLPO(Q,RS) + |’K2|’L”°(Q’R3))
< Ce|lm — nellr@ | AL —

AQ HL2(Q,R3) .
Since po > 3, we have 2 < r < 6. Interpolation and Sobolev embedding give

3
[l = n2llr@) < Cllm = 772”L2 im =l 15 q)

3
< Clm — 772||L2 s IV = m) |2 @) + [lm = m2ll 2 (@) o -
Writing

1

— 2
I =2l r20) = € (5 I — nzlliz(sz))
and observing that, for ¢ < 1,

IV (1 — m)ll2@rs) + [m — n2llz2@)

1
2
C (I 0m =)l m + &2 lm = melifaey)
it follows that

1

1—-3 _ 2
I = mallzr < €5 (190 = m)l By + =2l — melliy )

Consequently,
[t = el = B (1Al + Al
Q

l—a—>2
<O (IIV(m — )2 ms) +
By Young’s inequality,

@10) [~ A = Aol (JAi] + s
Q

1
_ 2 X X
2 —meliay) A = Aellrzams).

l—a—= N N
< 075 (IIV0m — 1) sy + =2 — el + 1A — Aallaazs))
Since
3

Po > 1_a
we have

l—a—2

€ r = o(1)

In view of (4.3), we have

9
307 — 2mne + 303 = (1 — n2)® + 207 + 2n3 > T
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Therefore, the second term in (4.8) satisfies

1 9~ -~
(4.11) — | P2(307 = 2mm 4 303)|A1 — Ag? = —[|A1 — Agl|T2 0 m9)-
16 /o, 64

Combining (4.7), (4.8), (4.9), (4.10), and (4.11), and discarding the first nonnegative term
in (4.8), we obtain

b
ok i+ a2 (§ - o0)) V0 — e

11b2 B 9b x N
+ (6_4 - 0(1>> e lm = mall72g) + (6_4 - 0(1>) 1As = AcllZz(op0)-

Therefore,
Yo+Y1+Yo>0
for all sufficiently small €, unless

m =1n, and Z\l = KQ.

Since the two configurations are not gauge equivalent, the latter alternative is impossible.
Recalling that Y3 > 0, we conclude that

Y > 0.

Step 4. Contradiction.
We may assume without loss of generality that

GL:(Uy, A1) < GL.(li2, Ay).

(W, A = (Ul + U A+ Az) ‘

Let

2 2
From (4.6), we have

GL(U1,A;) + GL. (U, Ay)

GL.(uW, AW) < 5

< GL.(Uy, As).

We define inductively

(u(n+1)’A(n+1)) o <u(") + Uy Al A2> .

2 2
Each configuration (u™, A™) is of the form
(U™, AT = (pp™, AM),

where, by construction and in view of (4.3),

<l-7<pW<L

A~ w

Moreover, (4.5) yields
A || Lo g3y < Ce™®
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uniformly in n. The argument of the previous step therefore applies to the pair (ut™, A(™)
and (uy, Ag) and gives

. GL.(u™,AM) 4+ GL.(U,, As)

GL.(u+D) Al+D) < GL.(Uy, Ay).

It follows by induction that
GL(u™ A < GL. (T, Ag)

for every n > 1.
On the other hand,

(W, A — (i, Ag) = 277 (@, Ar) = (@2, As))
Therefore, N
(U(n), A(n)) — (GQ, AQ)
with respect to the natural topology of H 1(Q,C) x [Aex + Heun]- This contradicts the local

minimality of (U, Ay). Hence,

(U1, A1) = (1, Ag).
The theorem is thus proved. O
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